ABSTRACT Regularity properties significantly stronger than were previously known are developed for four-dimensional nonlinear conformally invariant quantized fields. The Fourier coefficients of the interaction Lagrangian in the interaction representation-i.e., evaluated after substitution of the associated quantized free field-is a densely defined operator on the associated free field Hilbert space K. These Fourier coefficients are with respect to a natural basis in the universal cosmos M, to which such fields canonically and maximally extend from Minkowski space-time MO, which is covariantly a submanifold of M. However, conformally invariant free fields over MO and M are canonically identifiable.
Since quantum field theory was originated by Dirac (1) , the theory has been a mathematically intuitive one. Empirically correlated first-order terms were finite and appropriate, but all higher-order terms in perturbation theory appeared infinite. Moreover, the fundamental partial differential equations involved symbolic nonlinear operations on operator-valued distributions that were a priori mathematically undefined. Postwar experiments led to a reexamination of these issues, and thence to various forms of renormalization theory, which rationalized computational procedures sufficiently to produce agreement with the challenging measurements. However, at a fundamental level the theory remained divergent, and there were even physical arguments why this should be expected.t
The fundamental issues appear minimized by the use of the "interaction" representation, which treats physical processes in terms of "free fields" that are physically in part fictitious but are mathematically explicitly definable. This representation is used here, in a rigorous and natural form of the conventional one (cf., e.g., refs. 3 and 4), as logically anterior to a treatment of related issues in terms of the Heisenberg fields, which appear physically more fundamental but remain mathematically ambiguous.
Physically our main idea is the simple change of theoretical physical venue from Minkowski space-time Mo to the universal cosmost M that has been argued for elsewhere (cf. ref. 5 and citations there) from both empirical and theoretical considerations. This does not affect the classic ultraviolet divergences, as in the symbolic products defining the nonlinear terms in the equations of motion. However, the integration over the entirety of space-time produces such strong cancellations that the result is finally a densely defined operator on the quantized freefield Hilbert space, although there are strong indications that this is not the case for the integration over a proper region between two times. The periodicity in the Einstein time of the conformally invariant free fields in question and the compactness of the space component of the Einstein Universe permit the total integration to be formulated as one over a compact manifold, ensuring the convergence of the integral, although it is formally equivalent to an integration over Minkowski space that is not manifestly convergent at all.
The interaction Lagrangian as a form-valued distribution
A quantized free field in Minkowski space MO may be modelled appropriately as a distribution in MO whose values are operators in an associated Hilbert space K, the state vector space of the quantized field. Denoting this free field symbolically as 4(x, t), this expression for the value of the field at a given point cannot be effectively identified with a densely defined operator in K, but only with a sesquilinear form on various dense domains. As a consequence, local products of free fields (at the same point), such as a formal power /(x,t)P, are a priori undefined. Moreover, the limits of powers of averages kg(x, t) of the relatively singular field 4(xt) with respect to a smooth approximation g to the delta function 8 do not exist even as sesquilinear forms (6) .
However, the Wick power : g(x,t)P:, which differs from kg(Xt)P only by a polynomial in Og(xt) of lower degree, has a limit as g -> 8, as a continuous sesquilinear form on an appropriate dense domain, which limit may be identified with the symbolic Wick concept :4(x,t)P: that is widely used in the literature (6, 7) . Although the Wick product was introduced as primarily a technically convenient standardization (8) , it has been shown to be a local and covariant operation that is characterized by well-defined algebraic properties that derive directly from its formal algebraic structure together with the field commutation or anti-commutation relationships. Field ) for all g in G and z in H; (iv) v is a unit vector in K such that r(g)v = v for all g in G and whose transforms under the repeated actions of the F(z) span K. Physically K is the field state vector space, F(z) is a function of the creation and annihilation operators for the particle z that determines these operators, r(U) is the field motion corresponding to the singleparticle motion U, and v is the vacuum vector.
However, the specification of the value of the quantized field at a given point of M*, which is needed for the formulation of local nonlinear interactions, requires further considerations. The cases of boson and fermions (Weyl and Clifford relations) are similar; for specificity the former case will here be developed. In either case the single-particle space H is an invariant subspace of the section space of the corresponding bundle over M*. If f is an arbitrary smooth section of the dual bundle, the map B-* (4,f)', where (.,.)' denotes the pairing between the section spaces of the bundle and its dual, defines a real continuous linear functional on H and is hence of the form: Imaginary part of (4, 4i), for some vector 4i in H that depends linearly onf. The average of the quantized field with respect to the arbitrary section f is now definable as the field operator for qi, Given any local multilinear invariant of a finite number of fields, the corresponding classical density (12) may be quantized by its association with a sesquilinear form of this type, say L(xt). This form-valued function L is the quantized interaction Lagrangian density whose Fourier expansion is the subject of this note. U(g)w, U(g)w' ))) = R(g) ((b1j(w,w') ))for arbitrary g in G and w and w' in Dr(U). Then there exist linear operators Lij everywhere defined from D<(U) to K such that bij(w,w') = (Lijw,w')for all w and w' in D,(U) and all i and j.
Alternatively, ifrather((b1j(U(g),w, U(g)w'))) = ((bjj(ww')))R(g)*, then the same is true; and if ((Nij)) corresponds to theform-matrix bji(w',w) in accordance with this, then Lij and Nji are mutually adjoint on the domain Dx(U).
Proof: Let C denote an element of the enveloping algebra of the Lie algebra G of G that is the sum of squares of dim G basis elements of G and central (e.g., the sum of the Casimir element of the semi-simple part with the Laplacian of the abehan part). The operator H = I -dU(C) is then self-adjoint (14), U(g)w'))) = R(g)((b&(w,w'))) = R(g)(((SUjHawHaw'))), whence U(g)'1 ((Sit)) U(g) = R(g)((Sy)). In the alternative case of a form transforming on the right rather than the left, a symmetrical argument applies. If ((bU(w,w'))) is as in the Theorem, then the form whose value on (ww') is ((bjj(w',w))) is its adjoint in the Hilbert space R X K. The next result is to the effect that the respective operators in R x K representative of these forms, which are given by the Theorem, are not merely adjoint on a dense domain, but the closure of each is the adjoint of the other. The proof is simplified by the use of the dominant character of the energy operator in the systems under consideration here; more generally, a unitary representation U will be said to be Y-dominated for some generator Y of the group G Proof: This follows from the facts that the isometry group is compact and that the Einstein temporal evolution group is central. D Setting K for the isometry group of M*, any K-invariant interaction Lagrangian between the extensions to M* of the conventional fields of specified mass and spin is of the type covered by Corollary 2; cf. ref. 10 is such that an attempt to treat in Mo the quantization of nonlinear fields naturally defined on M would lead to ambiguities (e.g., of convergence) that are not necessarily intrinsic. The proposed criterion of renormalizability for fundamental quantum field theories has been closely associated with conformal invariance (apart from mass terms of secondary relevance), which is effectively a condition for extendability of the field to a Kinvariant one on a compact form M* of M. But for a quantized field theory formulated directly on M*, K-invariance is sufficient to guarantee the regularity treated here, making possible the inclusion of explicit mass terms. From a local phenomenological point of view there is a priori little to choose between MO and an M*, whose structures are identical within terms of the order of the curvature of space, which terms are very likely to be unobservably small as regards their direct effects on Smatrix elements and energy levels. Thus there is something to be gained and little to be lost by replacing MO by M* for microphysical purposes.
Among the important issues that need additional study are those of the structure of the higher-order perturbative terms, and of the semiboundedness of the leading term after addition of the free hamiltonian. The higher-order terms may also be characterized as sesquilinear forms by nonlinear variants of the Weyl relations, and their existence may be derivable from a treatment of the solubility of these relations. It would be remarkable if the higher-order terms were also self-adjoint operators, as this was unexpected for the leading term, but this possibility for the higher-order terms cannot presently be excluded. Indeed, despite traditional skepticism concerning the actual convergence of perturbative series even after renormalization, hard mathematical evidence can exist only after a preliminary formulation of issues of mathematical meaning, nor does material such evidence appear to exist. Physical arguments as to lack of closure of the interacting systems under consideration and the like would apply to the Heisenberg fields, rather than the mathematically considerably more transparent interaction representation fields treated here.
In the largely soluble case of a quadratic interaction Lagrangian for a scalar field a high level of regularity for the theory on M* is in fact explicitly visible. Although the interaction hamiltonian itself is not an operator and does not generate a unitarily implementable motion any more than it does in MO, it becomes semibounded after addition of the free hamiltonian, and above all the S-matrix is unitary. Higher-order Lagrangians must be expected to be more singular, and a failure of the indicated type of semiboundedness would not be surprising, but the space-time integral of the sum of the free and interaction hamiltonian densities (which differs from the leading term in the S-matrix only by a multiple of the free hamiltonian) should be materially more regular.
The general framework indicated here enhances the technical accessibility of questions in four-dimensional constructive quantum field theory. The present results suggest that the issue of the existence and mathematical structure of the interactionrepresentation S-matrix for quantized fields is within range of advanced mathematical techniques when formulated in M. In addition to this primary contribution, the demonstration of finiteness of the leading term in the S-matrix expansion without coupling constant renormalization, and of the effectiveness of conformal invariance in producing cancellations of divergences, throws some interesting light on aspects of the current philosophy of renormalization theory.
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